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Pressure as a function 
 

In sec. 6.3.3, pressure was introduced as a function of temperature and volume.  
An ideal gas is the most primitive example; here the function is 

𝑃̂(𝑉, 𝑇) =
𝑛𝑅𝑇

𝑉
     (ideal gas). (1) 

A van der Waals fluid gives a slightly more complex function, cf. eq. (5.1) or (5.2) in the book. The 
former is 

𝑃̂(𝑉, 𝑇) =
𝑛𝑅𝑇

𝑉 − 𝑏𝑛
− 
𝑎𝑛2

𝑉2
    (van der Waals). (2) 

Yet more complex but still explicit is the function given by the Beattie-Bridgeman gas state equation 
(Hála, 1975): 

𝑃̂(𝑉, 𝑇) =
𝑛𝑅𝑇(1 − 𝜀)

𝑉2
(𝑉 + 𝐵𝑛) − 

𝐴𝑛2

𝑉2
    (Beattie − Bridgeman). (3) 

The symbols 𝐴, 𝐵, 𝜀 are given by: 

𝐴 = 𝐴0 (1 −
𝑎𝑛

𝑉
), (4) 

𝐵 = 𝐵0 (1 −
𝑏𝑛

𝑉
), (5) 

𝜀 =
𝑐𝑛

𝑉𝑇3
. (6) 

𝐴0, 𝐵0, 𝑎, 𝑏, 𝑐 are constants specific for each gas. Their number is thus five, whereas van der Waals 
equation has only two constants. 

Somewhere between the van der Waals and Beattie-Bridgman equations is the Redlich-Kwong 
equation with two constants (they have the same symbols as the van der Waals equation but are dif-
ferent; Hála, 1975) proposed for gases, again: 

𝑃̂(𝑉, 𝑇) =
𝑛𝑅𝑇

𝑉 − 𝑏𝑛
− 

𝑎𝑛2

𝑇0.5𝑉(𝑉 + 𝑏𝑛)
    (Redlich − Kwong ). (7) 

Another function is represented by virial equations of state describing a gas at low and moderate 
pressures (DeVoe, 2001). These equations may be derived from statistical theory, but their parameters 
are mostly determined empirically. Expressed as a pressure function: 

𝑃̂(𝑉, 𝑇) =
𝑛𝑅𝑇

𝑉
(1 +

𝐵𝑛

𝑉
+
𝐶𝑛2

𝑉2
+⋯)     (virial expansion). (8) 

The coefficients 𝐵, 𝐶,… are called the second, third, ... virial coefficients and are functions of temper-
ature (different for different gaseous substances). They are zero for an ideal gas; the first virial coeffi-
cient is 1 as (8) indicates. 

Fairly often in practice, we want to invert the function 𝑃̂(𝑉, 𝑇) for volume, i.e., to express volume 
as a function of pressure (and temperature) and to use pressure as an independent variable instead of 
volume in thermodynamic equations (cf. eq. (10.12) in the book): 

𝑓(𝑉, 𝑇)
inversion of 𝑃̂(𝑉,𝑇) 
→              𝑓(𝑉̌(𝑃, 𝑇), 𝑇) ≡ 𝑓(𝑃, 𝑇). (9) 



M. Pekař  The Essentials of Thermodynamics 

2 
 

This is not always easy, as noted on pages 55 and 110 in the book. Evidently, the ideal gas state equa-
tion (1) is invertible in its whole domain: 

𝑉̌(𝑃, 𝑇) =
𝑛𝑅𝑇

𝑃
     (ideal gas). (10) 

This is not the case with the van der Waals function (equation), see p. 55 in the book, again. Expressing 
volume from it, we obtain a cubic equation for volume, not an explicit function. Locally, this equation 
can be solved and up to three values of volume for given values of pressure and temperature (and a 
specified molar amount) obtained. Perhaps only one of them would be physically acceptable and local 
inversion can then be useful (once more, p. 110 in the book). A similar and more complex situation 
appears with the Beattie-Bridgeman and Redlich-Kwong equations. 

Virial equations are alternatively expressed in terms of powers of pressure (DeVoe, 2001), thus 
giving directly the “inverted” function:  

𝑃̂(𝑉, 𝑇) =
𝑛𝑅𝑇

𝑉
(1 + 𝐵´𝑃 + 𝐶´𝑃2 +⋯)     (alternative virial expansion). (11) 

Remember that technically this is just a different equation not the inversion of the function (8). It can 
be inverted easily, in contrast to (8): 

𝑉̌(𝑃, 𝑇) =
𝑛𝑅𝑇

𝑃
(1 + 𝐵´𝑃 + 𝐶´𝑃2 +⋯)     (alternative virial expansion). (12) 

At low pressures, van der Waals equation transformed to the form 

𝑃𝑉 = 𝑛(𝑅𝑇 −
𝑎𝑛

𝑉
+ 𝑏𝑃 +

𝑎𝑏𝑛2

𝑉2
) (13) 

can be simplified by neglecting the last (small) term and using 𝑛𝑅𝑇 𝑃⁄  in place of 𝑉 (Hála, 1975): 

𝑃𝑉 = 𝑛𝑅𝑇 + 𝑛 (𝑏 −
𝑎

𝑅𝑇
)𝑃. (14) 

This gives the following function for volume: 

𝑉̌(𝑃, 𝑇) =
𝑛𝑅𝑇

𝑃
+ 𝑛 (𝑏 −

𝑎

𝑅𝑇
)    (van der Waals at low pressures).. (15) 
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