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Exercise 2 to section 3.7.! Heat conduction II

Derive the (differential) equation for the temperature change in an iso-
baric fluid with no (internal) friction and radiation. Use the results of sec.
3.7.

Try to answer before continuing reading.

The stress tensor (3.195) is reduced to T = —P1. The energy balance
(3.107) then looks:

ptu = —divq + tr(TD) = —divq — P trD. (1)

From the mass balance (3.63) it follows that divv = —p/p and, upon com-
bining with (3.16), trD = —p/p. Definition (3.199) gives © = —(1/p*)p, so
trD = pv and —PtrD = —Ppi.2 The balance (1) can be thus rewritten:

ptu = —divq — Ppo. (2)
Substituting from Fourier law (3.187) into (2) we have
pt = div(kg) — Ppv

or

p(tu+ Po) = div(kg). (3)
Let us define the specific enthalpy as h = u + Pv and rewrite (3):

ph = div(kg). (4)

It follows from the definition that h = h(p, T); by inversion of (3.194), which
is justified by (3.257), this function can be transformed into h = h(P,T'). At
the isobaric conditions we can write

. Oh . .

h = 8_TT = CPT (5)
where ¢p = Oh/OT is the heat capacity at constant pressure. Combining (4)
and (5) we get _

pcpT = div(kg). (6)

!Based on I. Samohyl: Irreversible Thermodynamics. Prague: University of Chemical
Technology, 1998 (in Czech).

2 Alternatively, we could use the procedure shown in the note on the volume work on
this website.



Defining the temperature conductivity

k
v =—
pcp
the final equation follows from (6):
T = ardiv(gradT). (7)

In the case of negligible velocity (v = o), eq. (7) is reduced to

oT :
5 = ¢ div(gradT). (8)

One-dimensional version of (8) (the heat conduction equation along the co-
ordinate z) is:

or _ 0
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