The Thermodynamics of Linear Fluids and Fluid Mixtures by Pekaf & Samohyl

Exercise 1 to section 4.5.!

Derive entropic inequality and constitutive equations for non-viscous (lin-
ear) fluid mixture. This fluid model is quite common in chemistry where
viscosity effects are often negligible. In fact, we should remove D., from the
set of the independent variables of the (linear) fluid mixture — see p. 173 in
the book and cf. egs. (3.129) and (3.130), and the text around eq. (3.181).
Although this could be, in principle, realized on the results obtained for the
mixture of the linear fluids, complete this exercise starting with appropriately
simplified entropic inequality and with the corresponding general constitutive
equations.

Try to answer before continuing reading.

We will start with the general local form of the entropy inequality or the
Clausius-Duhem inequality, cf. (4.84) and (4.85):

T( S padat > rasa> — _Tdiv(q/T) + Q + To. (1)
a=1 a=1

The term div(q/T) is
div(q/T) = (1/T)divq — (1/T?) q.gradT = (1/T)divq — (1/T?) q.g.

Eq. (1) is then modified:
T(Zpa§a+ZTaSa> = —divq+ (1/7)q.g + Q + To. (2)
a=1 a=1

It follows from (4.82) in the book and upon combination with (2):

n n n n—1
—divqg+ Q = Z Palle + Z Tolle — Z trT, D, + Z ks.ug+
a=1 a=1 a=1 ps=1

(1/2) Y rpus = —(1/T)ag—=To+TY pada+T D Tasa
a=1 a=1

(3)

!Based on I. Samohyl: Irreversible Thermodynamics. Prague: University of Chemical
Technology, 1998 (in Czech).

S
—

»
Il




Introducing the specific partial free energy f, (4.86) into (3) gives, cf. also
the inequality in (4.84):

n n n n n—1
—To = Z pozfa + Z PaSa %26 + Z .fo/ra - ZtthxDa + Z k,3~u5+
a=1 a=1 a=1 a=1 B=1
n—1

(1/2)) rpus+(1/T) q.g < 0. (4)
p=1

Constitutive equations in non-viscous fluid mixture are given generally by
the theorem on representation of linear isotropic functions, see pp. 173-174
in the book. They are (a,y=1,...,n;6=1,...,n—1):

Uo = @a(pva T), (5)
Sa = éa(pw T), (6)
Jo = Aa(p’wT)’ (7)
s = fﬁ(pv7 T)? (8)
n—1 n
q= _/\g - Z TsUs + Z thw (9)
6=1 =1
n—1 n
ko= g — ) vaus+ ) wshy, (10)
0=1 y=1
T, = —P,1. (11)

All coefficients, A, 75, X+, &3, Vg5, Wy, Pa, are functions of scalars p,, 7" only.
Compare these equations with the general constitutive equations of linear
fluids mixture given in the book on pages 173-174 and 179-180. Let us
substitute them into (4). From (7) we obtain

\a ) @fa \o - afa \a
Sar Ty,
=1 9P

and substituting this expression into (4):

—TO':Ml—I—MQ—f—MgSO (12)
where .
n ) A \a
M, = Z (paaiT + pasa) T, (13)
a=1



n

ZZ afa hi +Zfa7~a, (14)

a=1 v=1
n n—1 n—1
Ms = (1/T) q.g—ZtrTQDa+Zkﬁ.u5+(1/2)2mué. (15)
a=1 B=1 B=1

M, is modified using the definition of the material derivative (4.3) and
the diffusion velocity (4.24) which result in

\a 9T

- L gt
= — — +u,. V.
ot g g

Va8 = 5y

giving finally

ipa(afa—ksa) +nipg< +35)u5 g+

> (et 6)

The partial derivative in My can be modified using the definition of the
material derivative (4.3), the diffusion velocity (4.24), and the mass balance
(4.17); the latter can be written using (4.24) and (4.8) as:

0
% + p,ttDy +u, by + v, hy =7, (17)
Then, the material derivative of the partial density is:
\a _ Op, h, D h
p'yzﬁ‘i‘va =Ty — pytr 7—1—(11&—117). v (18)

Further, X )
Ofa _ 9pata
“0p, 0p~

where d,, is Kronecker delta. Expressions (18) and (19) are substituted into
(14):

— faday (19)

a (e Ne
M, = Z Z ( gpf fa5a7> Z Z pa p'y trD7+

a=1 y=1 a=1 y=1
3) I IIESENES o
a=1 y=1 pﬂy



and the next-to-last term can be modified using the Kronecker’s delta defined
as 0gy = 1 for B =~v=1,...,n—1 and dg, = 0 for 8 # v including v = n.
The result is:

aacx
ZZ Pf Y Y a Ofa, bt

a=1 =1 a=1 =1

n n—1 n—1 n n

ZZ% uﬁh —ZZZpa %uﬁ (20)
v=1 =1 B=1 a=1 =1

Finally, M3 is modified substituting the constitutive equations (9)—(11):

n—1
My = ZP D, — (1/T)Ag.g— Y (1/T) 75u5g+z 1/T) x,h,.g—
a=1 6=1 y=1
n—1 n—1 n—1 n—1 n
Z gﬁ g.uﬁ 1/55 115.115 —+ Z Z vah,y.llﬁ—F
B=1 B=1 6=1 B=1 ~v=1
n—1
(1/2) ) rpuj. (21)
pA=1

Substitution of relationships (16), (20), and (21) into (12) gives the fol-
lowing form of entropic inequality:

EONI SRS WAC S

a=1~v=1
Z < — Py Z Pa fa) trD, +

y=1

n n—1 P n P A
Z Z (pﬁ aiﬁ Zp 8£ dpy + Wﬁv)uﬁ h,+
v=1 p=1 a=1
S(1/T) xohy g + Zpa< {_;‘3‘ + S0 ) Vo8~
o ;
> ((1/T) T8+ 8~ Pegp — 063/3)% us — (1/T)\g.g—
B=1
n—1 n—1

(1/55 — (1/2) Tﬁéﬁg)llg.llﬁ S 0. (22)

B=1 é=1



This form can be simplified using the specific free energy of mixture f (4.92),
the specific entropy of mixture s (4.91), and the specific chemical potential
ga (4.161); see also (4.160). We also introduce new symbols:

af
ﬁB:(UTﬁﬁ+&_ﬂw§%_pﬁm5:ﬂw-wn_1 (23)
and note that
a afa a apafa r
o~ — _foz(sa =g _f 24
;p dp, ;( dp, v) v~ Iy (24)

We can thus make following transformations. From the definition of g, and
f we have

opf 0 0 < 0P fa
g =2 apy/); za—mp;(/)a/ﬂ) Z P

(9p7 p 0p~

and, consequently

D) BRI, gPes (25)

a=1 vy=1

From similar sources we can derive?:

opf 8f d N Ofa
ﬁ 8T aszafa Zpa

and thus

N 0fa af
Zpa 8T = (26)

Further, combining R )
fs _ Opsls  ;
pagl = L2 fis
B ap’y ap’y BYBy
with (in which (24) was used)

n r n

0fa 0fa
- E Pa_a 5137 = _567 § Pa_a = _(gv - fw)‘sﬂv = _97567 + fvéﬂw
a=1 p"{ a=1 p’y

we have

fs dpsfs
S pa = 2PBIB s 2
pﬁap’y p ap’y ’Y apv g’Y By ( 7)

a=

*Note that f = Yo Waka = (1/p) 32, Pafa-

b}



Substituting (25) to (27), inequality (22) is simplified to:

of
~To = Z GyTy + p(aT - s) + Z — fy)]trD,+
n n n—1 ap f
ST b+ 303 (T2 — g 65, + o, Jus b+
y=1 y=1 B=1 p7
o A n—1
p(a—f + s)vn.g — 2195 guz — (1/T)\g.g—
B=1
n—1 n—1
Vﬁ(g 1/2 T‘ﬁdﬁg) Us.Ug > <0. (28)
B=1 6=1

All quantities in this inequality

g’yar’y?fa Sap’ya f’yawﬁ’an’ya/l957 >‘7V,35

are functions of scalars p,, T only. Following variables are mutually indepen-
dent and can be selected arbitrarily:

Py, hyug, v, trD,, T, 0T /0t, g. (29)

We can apply Lemma A.5.1 on page 296 in the book. The independent vari-
ables p,, T are fixed at arbitrarily selected values and then suitable quantities
from (29), playing the role of X in Lemma A.5.1, are also fixed at proper
values.

In this way we find that

af
and
P _p’Y( f’Y) ’7:17"'771 (31)

for X = 0T/0t and X = trD.,, respectively. Choosing X = h, with g = o,
ug # o we see that

Opsfs
opy

Wy = G0p, — y=1,....n;8=1,...,n—1. (32)

Similarly, choosing X = h,, with g # o, ug = o:

X+=0; v=1,...,n (33)



Consequently, (28) is modified to:

n—1

Zgw +) Wggug+ (1/T)Agg+
v=1 B=1

n—1 n—1

ZZ Vgs — 1/2 rgéﬁ(;)u(; ug > 0 (34)

B=1 6=1

Summarizing: the (thermodynamic) constitutive equations in the dis-
cussed mixture are (5)(7), f = f(ps,T), s = 3(p,,T) and fulfill relation-
ships (30) and (31). The partial stress tensor (11) is determined by the
partial pressure P, = pa(pv,T) which appears in (31). The transport coef-
ficients wg,, are also determined by thermodynamic quantities, cf. (32). The
constitutive equations for the reaction rates are given by (8); r, follows from
the balance (4.20) in the book. Constitutive equations for (linear) transport
phenomena are

n—1
q=-—-g— Z TsUs (35)
5=1

for the heat transport and (10) for the interactions (cross-effects); note that
both contain the diffusion velocity, i.e. diffusion as another transport phe-
nomenon. The result (33) tells that heat flow cannot arise from composition
gradient. All coefficients X\, 75, &3, V5, wg, are functions of scalars p,,T
only. Those functions are generally non-linear but only wg, are determined
by thermodynamic quantities as (32) shows.

Equations (8) show that reaction rates are independent of g and ug.
Choosing g = o0 and ug = o it follows from (34) that the contribution of the
reaction rates to the entropy change (entropy inequality) is non-negative:

—> gyry = 0. (36)
y=1

Inequality (34) can be shortened:
To =1, +1I, > 0 (37)

where II; is the contribution of the transport phenomena:

[y

n—1 1 n—

Ht = Zﬁﬁ g.ug + (1/T>>\ g.g + (Uﬁg — (1/2) 7“5(555)115.115. (38)
B=1 1 1
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For any selection of p, and 7', II, is non-negative constant and II; is quadratic
form with constant coefficients. Choosing all components of g and ug suffi-
ciently big, the form II; outweighs the constant II;. Consequently, also

I, > 0. (39)

This proof of (39) is more illustrative if the form (38) is transformed into the
canonical form. We only remind that this form contains quadratic terms only
(it is called also the diagonal form) and that law of inertia of quadratic forms
says that all canonical forms of a quadratic form have the same number of
positive, of negative, and of zero coefficients.
From Sylvester theorem on positive semi-definite quadratic forms and
(38) follows:
A>0 (40)

or

vgs = (1/2) rp. (41)
The coefficient A is thermal conductivity and (40) says that it cannot be neg-
ative. Relationship (41) expresses a limitation of reaction rates by diffusion

(the coefficients vg53 are closely related to diffusion coefficients). For example,
in binary reaction mixture vy; > (1/2) 7.



