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Page 164, equation (4.82)
Multiplying (4.56) with v, results in:

1=
PaVa-Vo = pa§vg = v,.div T, + paba.Va + KoV (1)

Summing up (1) for all components and subtracting the result from (4.81)
we obtain:

; Pally + ; TaUy + ; ra%vi =
div z": vo Ty — z": Vo.divT, — divg + Q — z": kove.  (2)
a=1 a=1 a=1

The divergence div v, T, can be modified on the same basis as in the case of
(3.98), see egs. (3) and (5) in the derivation of it, and the symmetry of T,,
(4.70):
divv,T, =trL, T, + v,.divT, = tr D, T, + v,.div T,
=trT,D, + vo.div T, (3)
(for verification of the trace equivalence see at the end).

Further, following sum is modified using the definition of diffusion velocity
(4.24):

n

gka.va + % gmvi = ;ka.(ua +v,) + %Zra(ua +v,)% =

a=1

Z:l k,.u, + (Z:l ko). vy, + % Z:l Tauzjt

mua.vn—i—1 Y raV2
> rutaat 3 3ra:

a=1

and then combined with (4.20) and (4.63):

Zn:ka.va + % Zn:'r’avi = Zn:ka.ua — (2”: TaVa)-Vn
a=1 a=1 a=1 a=1

+ % :2 Falla + (O Talle) Vs, (4)

a=1



The sum of the second and fourth terms on the right hand side of (4) is zero:

n n

Z (Fala — TaVa) -Vy = Z [raly — 7o (Ug + Vi,)] Vi,

a=1 a=1
= — Z rov: =0 (5)
a=1

(the last equality follows using (4.20), again).
Combination of (4) and (5) while taking into account that u, = o gives:

Zka.va + % Zravi = Zkﬂ'uﬁ + %Zmué. (6)

Substitution of (3) and (6), together with the definition (4.19), gives (4.82)
immediately.
Verification of the equivalence of traces:

tr D, T, = (D"T" + D*T? + D¥T? + D*'T? + D*T% + D®T"+
D31T3 —|—D32T4—|—D33T33)a,

tr TaDa — (DllTll + D21T2 + D31T3 + D12T2 + D22T22 + D32T4—|—
D13T3 +D23T4+D33T33)a

where T2 = T2 = 72 T3 = T3 = T3, T2 = T3 = T*. The two traces
are evidently equal.



