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Equation (4.89) can be obtained from (4.87) relatively easily. Here we
present a longer derivation based on (4.82) which also hides some expressions
necessary for the procedure starting with (4.87).

We will start with modification of some terms appearing in (4.84).

div(q/T ) = (1/T )divq + q.grad(1/T ). (1)

From (4.82) we have:

divq−Q =
n∑

α=1

trTαDα−
n−1∑
β=1

kβ.uβ−
1

2

n−1∑
β=1

rβu
2
β−

n∑
α=1

∂ραuα
∂t

−
n∑

α=1

div(ραuαvα).

(2)
Note that the stretching can be written in the form of (4.88); then

trTαDα = trTα(
◦
Dα +(1/3)trDα 1) = trTα

◦
Dα +(1/3)trTαtrDα. (3)

The time derivative in (2) can be expanded after introducing the free energy

−∂ραuα
∂t

= −∂ρα(fα + Tsα)

∂t
= −∂ραfα

∂t
− ∂ραTsα

∂t
. (4)

Similarly, the divergence term in (2) can be modified:

div(ραuαvα) = divρα(fα+Tsα)vα+ρα(fα+Tsα)divvα+vα.gradρα(fα+Tsα).
(5)

Substituting from (1)-(5) into (4.84) it follows:

Tσ = T

n∑
α=1

∂ραsα
∂t

+ T

n∑
α=1

div(ραsαvα) + divq + Tq.grad(1/T ) −Q

= T
n∑

α=1

∂ραsα
∂t

+ T

n∑
α=1

div(ραsαvα) +
n∑

α=1

trTα

◦
Dα

+ (1/3)
n∑

α=1

trTαtrDα −
n−1∑
β=1

kβ.uβ −
1

2

n−1∑
β=1

rβu
2
β −

n∑
α=1

∂ραfα
∂t

−
n∑

α=1

∂ραTsα
∂t

−
n∑

α=1

ρα(fα + Tsα)divvα −
n∑

α=1

vα.gradρα(fα + Tsα)

+ Tq.grad(1/T ). (6)
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Several modifications and simplifications can be made in (6):

T
n∑

α=1

∂ραsα
∂t

−
n∑

α=1

∂ραTsα
∂t

= −
n∑

α=1

ραsα
∂T

∂t
; (7)

Tq.grad(1/T ) = Tq.
[
−(1/T 2)gradT

]
= −(1/T )q.gradT ; (8)

T

n∑
α=1

div(ραsαvα) = T

n∑
α=1

[ραsαdivvα + vα.grad(ραsα)] ; (9)

−
n∑

α=1

ρα(fα + Tsα)divvα = −
n∑

α=1

ραfαdivvα − T
n∑

α=1

ραsαdivvα; (10)

−
n∑

α=1

vα.gradρα(fα + Tsα) = −
n∑

α=1

vα.grad(ραfα) −
n∑

α=1

vα.grad(ραTsα) =

−
n∑

α=1

vα.grad(ραfα) −
n∑

α=1

vα.Tgrad(ραsα)

−
n∑

α=1

vα.ραsαgradT. (11)

The first term in r.h.s. of (9) and the second term in r.h.s. of (10) cancel;
because divvα = tr(gradvα) = trDα (remember that Wα is skew-symmetric)
only the term −

∑n
α=1 ραfαtrDα finally remains from the combination of (9)

and (10). The second term in r.h.s. of (9) and the second term in r.h.s.
of (11) cancel. The remaining first term of r.h.s. of (11) can be written as
−
∑n−1

β=1 uβ.grad(ρβfβ) − vn.
∑n

α=1 grad(ραfα). Similarly, the third term of

r.h.s. of (11): −
∑n−1

β=1 ρβsβuβ.gradT −
∑n

α=1 ραsαvn.gradT .
Introducing all the above derivations and considerations into (6) gives

following final expression:

−Tσ =
n∑

α=1

ραsα
∂T

∂t
−

n∑
α=1

trTα

◦
Dα −(1/3)

n∑
α=1

trTαtrDα +
n−1∑
β=1

kβ.uβ

+
n∑

α=1

∂ραfα
∂t

+
1

2

n−1∑
β=1

rβu
2
β +

n∑
α=1

ραfαtrDα +
n−1∑
β=1

uβ.grad(ρβfβ)

+ vn.grad
n∑

α=1

ραfα +
n−1∑
β=1

ρβsβuβ.gradT + vn.gradT
n∑

α=1

ραsα

+ (1/T )q.gradT. (12)

Eq. (12) is (4.89).
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