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Page 166, equation (4.89)

Equation (4.89) can be obtained from (4.87) relatively easily. Here we
present a longer derivation based on (4.82) which also hides some expressions
necessary for the procedure starting with (4.87).

We will start with modification of some terms appearing in (4.84).

div(q/T) = (1/T)divq + q.grad(1/T). (1)

From (4.82) we have:

divg—Q = ZtrT D, Zkﬂ 5——27",6115 Zapaua—idiv(pauava).
a=1
(2)

Note that the stretching can be written in the form of (4.88); then

tr TuDy = tr Ta(Da +(1/3)tr Do 1) = tr Ty Do +(1/3)tr TatrDa.  (3)
The time derivative in (2) can be expanded after introducing the free energy

_apaua . _apa(fa + Tsoz) o _apafoc . apaTSa (4)
ot ot a ot ot

Similarly, the divergence term in (2) can be modified:

div(patiaVa) = divpe(fa+Tsa)Vatpa(fatTse)divve+va.gradpa (fa+Tsq)-

(5)

Substituting from (1)-(5) into (4.84) it follows:

To = TZ apgtsa + TZ div(pasSava) + divq + T'q.grad(1/T) —

a=1 a=1

= TZ 3pa8a —|—TZle PaSaVa) + ZtrT Da

a=1
n—1
+(1/3) ZtrTQtrDa - Zkﬁ'uﬁ -5 Zrﬂué B Z apaatfa
- p=1 B=1 a=1

0 aT - ' 3
_ Z Lol N palfo+ Tsa)divva — 3 va.gradpa(fa + Tsa)
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+ Tq.grad(l/T). (6)



Several modifications and simplifications can be made in (6):

TZ 8pa3a o Z apaTSa _ Z PaSa ’ (7)

a=1
Tq.grad(1/T) = Tq. [—(1/T*)gradT| = —(1/T)q.gradT; (8)
T Z div(pasava) =T Z [PaSadivvy + Va.grad(pasa)] ; (9)
a=1 a=1
- Z pa(fa + Tsa)divva = - Z pafadivva - T Z pasadivva; (10)
a=1 a=1 a=1

- Z Vg gradpa(fa + TSa = Z Va- grad pozfa Z Va-grad(paTsa) =

a=1 a=1
- Z Vo.grad(pafo) — Z V. T'grad(pasa)
a=1 a=1
— Z Vo PaSegradT. (11)
a=1

The first term in r.h.s. of (9) and the second term in r.h.s. of (10) cancel;
because divv,, = tr(gradv,) = tr D, (remember that W, is skew-symmetric)
only the term — Y " _, po fatr D, finally remains from the combination of (9)
and (10). The second term in r.h.s. of (9) and the second term in r.h.s.
of (11) cancel. The remaining first term of r.h.s. of (11) can be written as
— ZZ;} ug grad(psfs) — Va2 n_, grad(pafa). Similarly, the third term of
r.hs. of (11): — Zg: ppspug.gradl — > " | paSaVy.gradl.

Introducing all the above derivations and considerations into (6) gives
following final expression:

n n—1
—To = Zpasa ZtrT Da (1/3)ZtrTatrDa+Zk5.ug
a=1 B=1

apafa 1 _ n—1
N Z +; Z roud + Z pafattDeo + > ug.grad(psfs)
B=1 a=1 B=1

n—1 n
+ v,.grad Z Pafa + Z ppspug.gradl’ + v,,.gradT’ Z PaSa

a=1 =1 a=1

+ (1/T)q.gradT. (12)
Eq. (12) is (4.89).



